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The variational bicomplex was first introduced in the mid 1970's as a means of studying the inverse problem of the calculus of variations. This is the problem of characterizing those differential equations which are the Euler-Lagrange equations for a classical , unconstrained variational problem. Since then, the variational bicomplex has emerged as an effective means for studying other formal, differential-geometric aspects of the calculus of variations. Moreover, it has been shown that the basic variational bicomplex constructed to solve the inverse problem can be modified in various ways and that the cohomology groups associated with these modified bicomplexes are relevant to many topics in geometry, mathematical physics and differential equations. The purpose of this paper is to review the general construction of the variational bicomplex, to describe some of its the basic properties, and to survey some recent results.
We begin by returning to the genesis of our subject -the inverse problem of the calculus of variations. For the purposes of this introduction, we need not formulate this problem in its full generality. Accordingly, let us consider variational problems for a single function u of three independent variables x, y, z. Given a compact region W in R3 with smooth boundary oW and a first order (1.1) [u] and so on to indicate that L is a function of the independent variables x, y, z, the dependent variable U and its derivatives to some finite (in this case first) order.
With the first variational formula in hand it is not difficult to establish that if U is a local minimum for (1.1), then u is a solution to the Euler-Lagrange equations E(L) [u] = O.
The first variational formula plays a central role in our subject and its importance should be emphasized. Here we note that:
(i) the first variational formula (1.2) holds for Lagrangians of any order although the local expressions for the vector field V become rather complicated.
(ii) equation (1. 
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We can summarize our discussion to this point as follows. 
is a cochain complex -the composition of successive maps is zero. One of the maps in (1.7) is the Euler-Lagrange operator E and for this reason we call this sequence the Euler-Lagrange complex. As we shall see, this complex is exact and this fact solves the simplest version of the inverse problem of the calculus of vari ations. A differential operator T E F [u] is an Euler-Lagrange operator if and only if the Helmholtz equation H(T) = 0 is satisfied.
Some of the primary purposes of the variational bicomplex can now be described. First, the variational bicomplex provides us with a straightforward, differenti al geometric generalization of our model complex (1.7). We begin with a fib er bundle 7r : E ---+ M. For the problem at hand the coordinates on Mare the independent variables and the fiber coordinates are the dependent variables. Then the objects of interest -Lagrangians, partial differential equations, currents, et c. -are all realized as various types of differential forms on the infinite j et bundle J OO (E) of E . The calculus of vector fields and forms on JOO(E), along with the fundamental operations of vector field prolongation and ((integration by parts" (which we shall make precise in §2) provide a powerful formal variational calculus. This variational calculus also plays an important role in the theory of symmetry group methods for differential equations and in the calculation of conservation laws. vVe sketch the construction of the variational bicomplex in §2.
It is not readily apparent how to continue the complex (1.7) by defining another op erator whose domain is the space of linear operators V [u] and whose kernel is the image of the Helmholtz operator. The second immediate use of the variational bicomplex is to construct, again in aremarkably straightforward manner, the full continuation of the Euler-Lagrange complex. Thirdly, in situations where the Euler-Lagrange complex is not exact, the variational bicomplex provides us with the powerful algebraic apparatus of spectral sequences as a general approach to computing its cohomology. Depending upon the situation, these homological methods are combined with techniques from algebraic topology and global analysis, invariant theory and exterior differential systems. Some of the examples and theorems presented in §3, §4 and §5 illustrate why the cohomology of the Euler-Lagrange complex is of such interest.
Th~ basic references for our subject are Anderson [2] , Krasilschik [15] , Olver [20] , Saunders [21] , Tulczyjew [27] , Tsujishita [24] , [25] and Vinogradov [29] . 
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It is important to recognize that the proper setting for our theory is the infinite jet bundle and not some finite jet bundle Jk(E) of fixed order k. There are a number of technical reasons for this which will emerge shortly. There are also important pragmatic considerations. For example, in classifying generalized symmetries, conservation laws or integral invariants, the differential order of these sought-after quantities is not known a priori and thus these problems are best formulated in terms of the infinite jet bundle. There are other more geometric and less formal definitions of pr X and tot X but the definitions given here have the advantage that they apply equally well to generalized vector fields on E and on M. Explicit local formulas for pr X can be found in any text on symmetry group methods for differential equations. See, for example, Olver [20] , p. 113. If a vector field X on M is given locally by
where Di is the total derivative vector field 
Denote the' space of type (r,s) forms on J CXJ (E) by or,s(JCXJ (E)) .
In local coordinates, a type (r , s) form is a sum of terms of the form
is a function of the coordinates xi, u Q , and finitely many derivatives .
We have the direct sum decomposition
OP(JOO(E)) = EB or,s (J OO (E)) . r+s =p
It should be emphasized that this decomposition is not possible on any fi- 
The bottom edge of this complex (with n = 3) formalizes the first four terms of our model sequence (1.7). In particular, a form ,\ E nn,O(Joo(E)) is a Lagrangian These properties are all easily proved [2] . Property (ii) holds globally but this is a less trivial result which we shall discuss in the next section. Let 
FI(JOO(E))
consists precisely of those forms which are given locally by (2.11) -these forms are called source forms by Takens [22] .
Finally, let us define another differential by
bv(w) = I(dv(w)).
A simple calculation shows that b~ = O. Then the augmented variational bicom- One way to prove the exactness of (2.13) is to construct homotopy operators. The homotopy operators for the columns of the variational bicomplex can be easily constructed from (2.16), as applied to the radial, vertical vector field
The homotopy operators for the horizontal differential d H have been constructed by Anderson [2] , [3] , Thlczyjew [27] and Olver [20] and are considerably more complicated. Let us simply remark here that this complexity is borne of necessity since the usual de Rham type homotopy operators cannot work. We illustrate this fact by observing that the vector field V = (u xx , u xy , u xz ) on R3
is Curl free and is in fact the Grad of the function f[u] = u x . But f cannot be reconstructed from V using the standard line integral formula from the vector calculus. In fact, the horizontal homotopy operators for (2.16) are more closely related to the algebraic homotopy operators associated to certain Koszul complexes. An alternative proof of the horizontal exactness of (2.13), valid in the important special case where the coefficient functions are polynomials, is given using the transform method described by Professor L. Dickey elsewhere in these Proceedings. In summary, given the fiber bundle 7f': E -t M, that is, the first item on the list of mathematic data given at the beginning of this section, we can construct in a canonical fashion the infinite jet bundle Joo (E), the variational bicomplex of differential forms n*'*(JOO(E)) and its edge complex, the Euler-Lagrange complex £*(JOO(E)). At this point, the cohomology groups of the variational bicomplex and the Euler-Lagrange complex are well understood and will be described in the next section. The remaining data, namely the transformation group G and the differential relations n are used to enhance this basic step-up.
The role of the group G is easily described. In many situations we are interested only in currents, Lagrangians, differential equations (that is, source forms) etc. with certain prescribed symmetries. It is then natural to restrict our atten- Of particular interest to differential geometry and classical field theory are situations where E is some product of tensor bundles over M and the group G includes the diffeomorphism group of the base manifold /111. Although the cohomology of the invariant variational bicomplex has been computed in some special cases, which we shall summarize in §4, it is fair to say that there are few , if any, general results. This can be a difficult problem.
The differential relations n may represent open conditions on the jets of local sections of E or they may represent systems of differential equations. These equations may"be classical deterministic (well-posed) systems or they may be the kind of under-determined or over-determined systems that are often encountered in differential geometry. We prolong n to a set of differential equations n°o on JOO(E) and then restrict (or pullback) the variational bicomplex on JOO(E) to n 00. One immediate consequence of this construction is that the cohomology group Hn-l(£*(n)) can now be identified with the vector space of conservation laws for n. Tsujishita [23] has emphasized the role that the variational bicomplex can play in determining deformation invariants on the solution space of n and in detecting obstructions to Gromov's h principle for differential equations. Other interpretations and applications of the cohomology of the variational bi-complex for differential equations continue to arise. In §5 we shall discuss a few recent developments in this area.
Because of the ability to make these modifications to the free variational bicomplex (2.4) on Joo(E), a surprising diversity of phenomena from geometry and topology, differential equations, and mathematical physics, including many topics not directly related to the calculus of variations, can be studied in terms of the cohomological properties of the variational bicomplex. The basic goals of current research in this area is to develop better general methods for computIng the cohomology of these variational bicomplexes and to seek new interpretations and applications of these cohomology classes. §3. Global Properties of the Free Variational Bicomplex.
The most important result concerning the variational bicomplex for the fiber bundle 7r: E ---+ M, in the absence of a group action G on E and a system of differential equations n, is the following. THEOREM 
For any fiber bundle 7r: E ---+ M, the interior rows of the augmented variational bicomplex o ----t no,3(J oo (E)) ~nl,3(Joo(E)) ~ n2,3(J oo (E)) ~ . . . ~ nn,3(J oo (E)) ~ FS(Joo(E)) ----t 0,
where s ~ I, are exact.
This theorem is easily proved using standard techniques from global analysis together with the fact that the interior rows of the variational bicomplex are locally exact. One proof based upon partition of unity arguments and the generalized Mayer-Vietoris sequence (see Bott and Tu [7] ) is given in [2] . COROLLARY 
There always exists a global first variational formula for any variational problem on E. If A E nn,O(Joo(E)) is any Lagrangian, then there exists a type (n
If X is a vertical vector field on E, then there exists a type (n -1,0) form (7 
A standard exercise in homological algebra then proves the following. THEOREM 
The map W induces an isomorphism in cohomology:
Since E is a strong deformation retract of Joo (E), the de Rham cohomology of these spaces coincide and we have the following solution to the global inverse problem of the calculus of variations cite3, [23] . This proves that A is exact on all sections s of E. This example underscores an important point -that the cohomology of the variational bicomplex is local cohomology. Even though the Lagrangian (3.6) is an exact two form on all sections, A nevertheless defines a nontrivial cohomology class in the Euler-Lagrange complex because it cannot be expressed as the horizontal derivative of a one form whose value on a section s can be computed pointwise from the jets of s. Then the system of ordinary differential equations ita = aa(uf3, uP) (3.7) always satisfies the Helmholtz conditions. Equation (Although one may be constructed if the electromagnetic field is re-interpreted as a connection on S3.)
Other applications and examples of cohomology classes for the free variational bicomplex will be found in [2] . §4. Cohomology Groups for Some Invariant Variational Bicomplexes.
Given a transformation group G acting on the fiber bundle 7r: E ---+ M, we now turn to the problem of computing the cohomology of the G invariant EulerLagrange complex £a(JOO(E)). Unlike the case of the free Euler-Lagrange complex there are no general results in this area comparable to Theorem 3.4 and one must, at least for the present, address each individual situation directly.
The methods of homological algebra provide us with an overall approach. First, we try to show that the interior rows of the invariant augmented variational bicomplex o -+ n~3(JOO(E)) ~n~:J(JOO(E)) ~ n~:J(JOO(E)) ~ ...
~ n~/(JOO(E)) ~ Fl;(JOO(E))
are exact. The methods used to prove Theorem 3.4 cannot be used directly for, in genera.l, the local homotopy operators are not G invariant and, in addition, the pa.rtition of unity arguments which are essential to the generalized MayerVietoris principle fail. Still, the exactness of (4.1) can often be established by constructing G invariant homotopy operators. Indeed, I know of no situation where (4.1) fails to be exact. An obvious open problem therefore is to establish the exactness of the interior rows of the G invariant variational bicomplex in some degree of generality or, alternatively, to give examples of group actions where exactness fails.
Once the exactness of (4.1) is established, we have that and the problem now becomes that of computing the cohomology of the G invariant de Rham complex on JOO(E). This can be done by using the second spectral sequence for the variational bicomplex -that is, we first compute the d v cohomology. This calculation seems to be the heart of the matter. The subsequent terms in the spectral sequence are then computed, usually without much
difficulty, to arrive at H*(£a(JOO(E))).
We now give four examples. With the exception of the first example, the results presented here are all new. Details will appear elsewhere.
EXAMPLE. The Inverse Problem of the Calculus of Variations for Autonomous Ordinary Differential Equations.
Let N be a manifold, let E be the trivial bundle R x N -+ R, and let G be the group of translations in the base. A form w on Joo (E) is G invariant if and only if the coefficients of w do not explicitly depend upon the independent variable x . In particular, a source form Ll E Fb(Joo(E)) defines an autonomous system of ordinary differential equations. THEOREM 
The cohomology of the G invariant Euler-Lagrange complex zs HP(£c(Joo(E))) ~ HP-l(N) EB HP(N).
This theorem was first established by Thlczyjew [28] . Another proof, which illustrates well the use of homological methods in our subject, can be briefly sketched as follows. Since n = 1, the variational bicomplex consists of just two columns. Any double complex with just two columns always leads to a long exact sequence called the Wang sequence (see McCleary [18] ). In the present context the Wa ng sequence is
It is not too difficult to prove that Explicit generators for these cohomology classes can be given . For p = 1, the cohomology is generated by the Lagrangian
a result first proved by Cheung [8] using the Griffiths formalism [14] for the calculus of variations. For p = 2, the cohomology is generated by the source form
for which we have the Lagrangian
but no Lagrangian of the form (4.3).
The cohomology of the natural variational bicomplex for space curves has also been computed [2] . Note that the functional defined by the Lagrangian (4.4) determines , at least in the case of closed curves, the rotation index of the curve. The interpretation of other cohomology classes in these Euler-Lagrange complexes for plane and space curves as topological invariants is under current investigation. 
With these results in hand the cohomology HP(E(;(JOO(Q))) of the natural
Euler-Lagrange complex can be computed. In particular, for p ::; n the cohomology is generated by the Pontryagin forms and for p = n + 1 by the EulerLagrange forms of the Chern-Simons Lagrangians. Thus Theorem 4.3 provides us with generalizations of the work of Gilkey [12] and Anderson [1] .
EXAMPLE. Gelfand Fuks Cohomology
Let E be the trivial bundle R n x R n -+ R n and let n be the open set in Joo (E) defined by det( uf) -# O. A section s of E with jOO (s) E n corresponds to a local diffeomorphism of Rn. Let G be the diffeomorphism group of the base space Rn. Then it is not too difficult to prove a priori that the cohomology of the G invariant Euler-Lagrange complex Ec(JOO(E)) is isomorphic to the Gelfand-Fuks cohomology of formal vector fields on Rn. The variational bicomplex thereby naturally provides us with a method to compute this Gelfand-Fuks cohomology.
Finally; we remark that there seems to be close similarities between the cohomology of certain G invariant variational bicomplexes and BRST cohomology in classical field theory although the precise relationships between these cohomology groups have yet to be uncovered. §5. The Variational Bicomplex for Differential Equations.
Every system of k-th order differential equations on E defines a subbundle 
There is an algorithm for directly computing all the conservation laws for R which is very similar to that used to compute the generalized symmetries of R. See Vinogradov [30] . The effectiveness of this algorithm is still problematic if one considers the complexities involved in computing the conservation laws for the BBM equation ( Duzhin [10] , Olver [19] ). To find all the conservation laws for a given system of equations, it seems that this algorithm works best in .conjunction with other methods such as that provided by the theory of bi-Hamiltonian systems.
If w E nn-l,O(R oo ) is a conserved form, then dvw E nn-l,l(Roo) is also H;-1,2(n OO ) = 0, the equations n do not admit a variational formulation. This H approach to the inverse problem of the calculus of variations, based upon the variational bicomplex for n is pursued in detail in [5] for the case of ordinary differential equations. It is remarkable that this approach leads directly to the fundamental equations of J. Douglas [9] . It allows us to generalize Douglas' work to the case of higher order systems and it also provides us with a natural setting for the use of exterior differential system techniques. One fact that quickly emerges from this approach is that significant difference s exist between the inverse problem for second order systems and higher systems. For example, the most general Lagrangian for the second order system Darboux's meth'od of integration [13] . H -scalar equations in more that two independent variables are not integrable by this method and do not admit any non-trivial higher degree cohomology classes.
Finally, Tsujishita [26] has generalized the Vinogradov theorem to prove the following result. Let E and Fa be vector bundles over M. If P: Jk (E) --+ Fa is a linear differential operator, then we denote its infinite prolongation by pr P: JOO(E) --+ JOO(F a ). A result of Goldschmidt (see [6] Further general remarks on the variational bicomplex for differential equations can be found in the excellent review article [25] . In [11] , Fuchs, Gabrielov and Gel 'fand used the variational bicomplex to study the integrability equations for foliations. They introduced the difference bicomplex and proved that the canonical map from the difference complex to the variational bicomplex is a homotopy equivalence in certain situations. Many of the important ideas in this paper have yet to fully developed.
